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Abstract
Let k, l, n be nonnegative integers such that 16 k6 n=2, and let G be a graph of order
n with the minimum vertex-degree (G)¿ l. We prove that if the size e(G) of G veri/es
e(G)¿F(n; k; l)=max{f(n; k; l); f(n; k; k−1)}, where f(n; k; l)=( 2k−l−12 )+1(l(n−2k+l+1)
then G contains kK2. Moreover, if e(G) = F(n; k; l) and G contains no kK2 then l6 k − 1 and
G = K2k−2p−1 ∗ Kp ∗ 2Kn−2k+p+1, where p∈{l; k − 1}. We conjecture a similar statement for
forests with at most k edges.
c© 2003 Elsevier B.V. All rights reserved.
Keywords: Forest; Graph; Matching
1. Introduction
For graphs G and H (which will be supposed to have disjoint vertex sets) we
denote by G ∗ H the graph with V (G ∗ H) = V (G) ∪ V (H) and E(G ∗ H) = E(G) ∪
E(H)∪{uv : u∈V (G); v∈V (H)}. 2Kp stands for the complement of the complete graph
Kp, i.e. the graph with p vertices and no edges. The k-matching or kK2 is the graph
of order 2k and size k having k independent edges.
Let us de/ne the following function:
g(n; k) = max
{(
2k − 1
2
)
;
(
k − 1
2
)
+ (k − 1)(n− k + 1)
}
:
In 1959 Erd>os and Gallai [4] proved that every graph G of order n and size e(G)¿
g(n; k) contains a k-matching unless G = K2k−1 ∪ 2Kn−2k+1 or G = K1 ∗ Kk−1 ∗ 2Kn−k
(the graphs G(n; k; 0) and G(n; k; k − 1), respectively, shown in Fig. 1). In 1963 Erd>os
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Fig. 1.
and SJos conjectured (see [3]) that every graph of order n and size greater than g(n; k)
contains every forest with at most k edges. This conjecture has been proved thirty
years later by Brandt [1].
Theorem 1 (Brandt). Suppose G is a graph of order n and size e(G)¿g(n; k). Then
G contains every forest on k edges without isolated vertices.
In Section 2 we give a suKcient condition on minimum vertex degree and size of a
graph to contain a k-matching, and we conjecture a corresponding statement for forests
with at most k edges.
Conditions on minimum vertex degree and size of graphs were considered for many
properties of graphs. May be the /rst result of this type is the following, proved by
Paul Erd>os [2] for hamiltonian graphs.
Theorem 2 (Erd>os). Let G be a graph on n vertices and k a natural number, 16 k6
n=2. If (G)¿ k and the size of G
e(G)¿max


(
n− k
2
)
+ k2;

 n−
⌊
n− 1
2
⌋
2

+
⌊
n− 1
2
⌋2
 ;
then G is hamiltonian.
2. Result and conjecture
For given nonnegative integers n, k and l, such that 16 k6 n=2, 06 l6 k − 1, let
us de/ne the graph G(n; k; l) = K2k−2l−1 ∗ Kl ∗ 2Kn−2k+l+1 (see Fig. 1).
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Note that (G(n; k; l)) = l and G(n; k; l) does not contain any k-matching. Denote
the size of G(n; k; l) by f(n; k; l) and let
F(n; k; l) = max{f(n; k; l); f(n; k; k − 1)}:
We shall prove the following result.
Theorem 3. If G is a graph of order n with (G)¿ l and e(G)¿F(n; k; l), 16 k6
n=2, then G contains a k-matching unless l6 k − 1, e(G) = F(n; k; l) and either
G = G(n; k; l) or G = G(n; k; k − 1).
In the proof of Theorem 3 we shall need a lemma proved in [5] by Erd>os and PJosa.
Lemma 3.1 (Erd>os and PJosa). Every graph G of order at least 2k such that (G)¿ k
contains kK2.
The reader may easily check the properties of the functions f and F we give below.
Lemma 3.2. (i) For 06 l6 k − 1, 06 k6 n− 1
F(n; k; l) =
{
f(n; k; l) when 06 l6 5k−2n−23 ;
f(n; k; k − 1) when 5k−2n−23 6 l6 k − 1;
(ii) f(n; k; l)− f(n− 2; k − 1; l− 1) = n + l− 2,
(iii) f(n; k; l)− f(n− 2; k − 1; l− 2) = 2n− 4k + 4l− 2.
Proof of Theorem 3. Our proof starts with the observation that the theorem holds for
k = 1. Moreover, by the theorem of Erd>os and Gallai [4] mentioned in the previous
section, it is also true for l = 0 and every k.
The proof is by induction on k. Let k ¿ 1 and assume that the theorem holds for
k − 1; we shall prove that then it follows also for k. Observe that since F(n; k; l) is
weakly decreasing with respect to l when 06 l6 k − 1, and by Lemma 3.1, we may
assume that (G) = l. Let u be a vertex of degree l = (G).
Let us assume /rst that u is adjacent to a vertex v with d(v; G) = l. Then (G −
{u; v})¿ l−2 and e(G−{u; v})¿F(n; k; l)− (2l−1). There are three possible cases.
Case 1: l6 (5k − 2n− 2)=3. Then l− 26 (5(k − 1)− 2(n− 2)− 2)=3, F(n; k; l) =
f(n; k; l) and F(n−2; k−1; l−2)=f(n−2; k−1; l−2). Since l¿ 1 and n¿ 2k and the
function F(n; k; l) is weakly decreasing with respect to l, we apply (ii) of Lemma 3.2
to obtain e(G−{u; v})¿f(n; k; l)−(2l−1)¿f(n−2; k−1; l−2)=F(n−2; k−1; l−2).
Case 2: (5k − 2n − 2)=3¡l6 (5k − 2n + 3)=3. Then, by the similar arguments
as above F(n; k; l) = f(n; k; k − 1)¿f(n; k; l)¿f(n − 2; k − 1; l − 2) + 2l − 1=
F(n− 2; k − 1; l− 2) + 2l− 1.
Case 3: l¿ (5k − 2n+ 3)=3. Then, by (i) of Lemma 3.2 F(n; k; l) =f(n; k; k − 1) =
f(n− 2; k − 1; k − 2) + n− k − 2 = F(n− 2; k − 1; l− 2) + n− k + 3.
In each case e(G − {u; v})¿F(n; k; l) and therefore G − {u; v} contains (k − 1)K2
by the induction hypothesis. Thus G contains kK2.
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We may now turn to the case when the vertex u is not adjacent to any other vertex
of the degree l. Let v be a neighbour of u. We have (G − {u; v})¿ l − 1 and
e(G − {u; v})¿F(n; k; l) − (n + l − 2). Also this time we shall have three cases to
consider.
Case 1′: l6 (5k−2n−2)=3. Then F(n; k; l) =f(n; k; l) =f(n−2; k−1; l−1) +n+
l−2=F(n−2; k−1; l−1)+n+ l−2. Hence e(G−{u; v})¿F(n−2; k−1; l−1) and
e(G−{u; v})=F(n−2; k−1; l−1) if, and only if, e(G)=F(n; k; l) and d(v; G)=n−1.
Therefore G contains kK2 unless G−{u; v}=G(n− 2; k − 1; l− 1) and G =G(n; k; l).
Case 2′: (5k−2n−2)=3¡l6 (5k−2n)=3. Then F(n; k; l)−(n+l−2)=f(n; k; k−1)
−(n + l − 2)¿f(n; k; l) + (n + l − 2) and by (ii) of Lemma 3.2 we obtain
e(G − {u; v})¿f(n− 2; k − 1; l− 1) = F(n−; k − 1; l− 1).
By induction hypothesis (k − 1)K2 ⊂ G − {u; v}.
Case 3′: l¿ (5k − 2n)=3. Then F(n; k; l) = f(n; k; k − 1). We substitute l by k − 1
in the formula (ii) of Lemma 3.2 to get f(n; k; k − 1) = f(n − 2; k − 1; k − 2) + n −
k + 3 = F(n− 2; k − 1; l− 1).
The rest of the proof runs as in Case 1′.
It should be noted that Lemma 3.1 has been essentially improved by Brandt [1].
Theorem 4 (Brandt). Every graph G of order n with (G)¿ k contains every forest
F of size k and order at most n.
All results mentioned above suggest that the following conjecture may be true.
Conjecture 1. If G is a graph of order n with (G)¿ l and e(G)¿F(n; k; l), then G
contains every forest F of order at most n and size k, unless l6 k−1, e(G)=F(n; k; l),
F= kK2 and either G = G(n; k; l) or G = G(n; k; k − 1).
Added in proof: Theorem 3 stated in terms of de/ciency of graphs appears in [6].
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